In this article it is shown that the relaxation time spectrum can be analytically related to the molecular weight distribution regarding a recently derived generalized mixing rule. This analytical relation greatly reduces the computational effort to determine the molecular weight distribution from the relaxation time spectrum. In this mixing rule a generalized mixing parameter ␤ has been introduced. This parameter has been controversially discussed in the literature. The value of ␤ has been determined theoretically by Doi and Edwards ͓The Theory of Polymer Dynamics ͑Clarendon, Oxford, 1986͔͒ as ␤ ϭ 1 and Des Cloizeaux ͓Europhys. Lett. 5, 437-442 ͑1988͒; 6, 475 ͑1988͔͒ and Tsenoglou ͓Polym. Prepr. ͑Am. Chem. Soc. Div. Polym. Chem.͒ 28, 185-186 ͑1987͔͒ (␤ ϭ 2) and experimentally by Maier et al. ͓J. Rheol. 42, 1153-1173 ͑1998͔͒ (␤ ϭ 3.84). In this article the influence of ␤ on shape and position of peaks in bimodal molecular weight distributions is emphasized.
I. INTRODUCTION
The question of how the molecular weight distribution ͑MWD͒ affects the viscoelastic properties of polymers has been discussed intensively for a long time. A goal of more recent research is associated with the determination of the MWD from rheological data ͓see, e.g., Mead ͑1994͒; Braun et al. ͑1996͒ , for a review͔. The formulation and examination of models combining the MWD with appropriate rheological material functions has turned out to be essential. There are many models which are based on the reptation or entanglement concepts ͓see, e.g., Doi and Edwards ͑1986͒; Des Cloizeaux ͑1988͒; Tsenoglou ͑1987, 1991͒; Anderssen and Mead ͑1998͔͒, which combine the MWD w(m) with the shear relaxation modulus G(t). We refer to these models as mixing rules in this article.
While rheological material functions, such as G(t), G*(), or *() are associated with special experimental setup, the relaxation time spectrum h() depends only on the material properties. Therefore, it is advantageous to relate the relaxation time spectrum h() and the MWD w(m), as these are both material properties. A corresponding relation is derived in this paper.
In this article we briefly review the definition of the relaxation time spectrum h(), a generalized mixing rule discussed recently by Anderssen and Mead ͑1998͒ , and the evaluation of this mixing rule by Maier et al. ͑1998͒ ͑Sec. II͒.
An analytical relation connecting the relaxation time spectrum h() and the MWD w(m), which is derived in the appendix of this article, will be discussed in Sec. III. This analytical relation generalizes older results obtained by Wu ͑1989͒, and with this analytical relation it is possible to reproduce the results of Maier et al. ͑1998͒ in a simpler way. Moreover, a better understanding of some important aspects of the generalized mixing rule, especially the role of the generalized mixing parameter ␤ is obtained ͑Sec. IV͒.
II. MIXING RULES
The viscoelastic properties of a polymer are described by the relaxation time spectrum. Based on a decomposition into Maxwell modes the relation between the shear relaxation modulus G(t) and the relaxation time spectrum h() in a viscoelastic fluid is derived as
The relaxation time spectrum h() is related to the measured components of the complex shear modulus GЈ() and GЉ() by
The equilibrium shear modulus G e is assumed to be zero for the viscoelastic liquids under consideration. Polymers are characterized by their MWD w(m). Mixing rules formulate the relationship between the MWD and a material function, e.g., the shear relaxation modulus G(t).
Two mixing rules were derived from theoretical considerations. These are the linear mixing rule based on the reptation model introduced by Doi and Edwards ͑1986͒ and the quadratic mixing rule, based on an application of the double-reptation concept introduced by Des Cloizeaux ͑1988͒ and the entanglement concept by Tsenoglou ͑1987, 1991͒, respectively. Additionally, a number of mixing rules based on phenomenological considerations has been suggested in the literature.
The linear and quadratic mixing rules can be combined in the generalized mixing rule
Here, F(t,m) is an integral kernel, which describes the relaxation process of polymer chains with normalized molecular weight m ϭ M /M 0 , where M 0 is the monomer molecular weight and M is the molecular weight of the polymer. Five kernels have been discussed in the literature ͓see Wasserman and Graessley ͑1992͒, for a review͔: the single-exponential kernel, Doi kernel, Des Cloizeaux kernel, BSW ͑Baumgäretl-Schausberger-Winter͒ ͑kernel and Tuminello kernel. ␤ is denoted as a generalized mixing parameter. This parameter was first introduced by Anderssen and Mead ͑1998͒ to describe the theoretically obtained results of the reptation and double-reptation model in one formalism. The linear mixing rule predicts ␤ ϭ 1, while the quadratic mixing rule leads to ␤ ϭ 2. Anderssen and Mead ͑1998͒ have shown that the molecular weight scaling, which describes the dependence of rheological parameters as, e.g., the zeroshear-rate viscosity 0 on m, is independent of ␤, which justifies the generalized mixing rule. G N 0 is the plateau modulus, which can be determined experimentally and defines the entanglement molecular weight m e . In order to evaluate the generalized mixing rule, Maier et al. ͑1998͒ prepared a series of bimodal mixtures of polystyrene blends. They measured the MWD of these samples by size-exclusion chromatography ͑SEC͒ and compared the results with the MWD obtained by an evaluation of the generalized mixing rule. In order to achieve the latter, they solved two ill-posed inverse problems ͓see Anderssen ͑1999͒, for a review about inverse problems in rheology͔. First, h() had been determined from the dynamic shear moduli GЈ(),GЉ() in order to calculate G(t). Second, the MWD had to be estimated from G(t). For the second inverse problem an integral kernel F(t,m) had to be chosen and the parameter ␤ had to be fixed. The computational method, on which their algorithms are based, is named Tikhonov regularization ͓see Honerkamp and Weese ͑1993͔͒.
Maier et al. ͑1998͒ found that a value of ␤ ϭ 3.84Ϯ0.1 and the single-exponential kernel "F(t,m) ϭ exp͓Ϫt/(m)͔… gave the best results for polystyrene data when compared to SEC.
III. ANALYTICAL RELATION BETWEEN MOLECULAR WEIGHT DISTRIBUTION AND RELAXATION TIME SPECTRUM
Solving the second of the ill-posed inverse problems can be avoided if a generalized analytical relation between the relaxation time spectrum and the MWD is used. This analytical relation, which is the solution of Eq. ͑4͒ for w(m) independent of F(t,m), will be discussed in this section.
Let us regard the relaxation time spectrum h() as a spectrum of molecular weight h"(m)… ϭ h (m). This is possible, since the relaxation time is related to the normalized molecular weight m by a scaling relation,
where ␣ and k are material constants, which have to be determined experimentally. For the weight region relevant to our concerns one finds ␣ Ϸ 3.4, while for smaller weights ␣ Ϸ 1. We use the derivative
to rewrite Eq. ͑1͒:
dm. ͑7͒
Inserting the relaxation modulus G(t) in the form of Eq. ͑7͒ into the generalized mixing rule ͑4͒ ͑the details of the derivation are discussed in the appendix͒ leads to an analytical relation between the spectrum h() and the MWD w(m):
We denote this relation the generalized analytical relation, since it generalizes an earlier result of Wu ͑1989͒, which can be reconstructed if ␤ ϭ 2 is set in Eq. ͑8͒.
The distributions w(m) and h() are normalized such that
The normalization is independent of ␤. Equation ͑10͒ can be used to determine the constant k in Eq. ͑5͒ for fixed ␣ ϭ 3.4, without further measurement. The latter normalization condition ͑10͒ is identical to the standard definition of G N 0 :
The subscript FT indicates that the integration has to be performed for that part of the loss modulus, which is associated with the flow transition regime ͓see, e.g., Ferry ͑1980͒, for details͔. The use of the entanglement relaxation time e as the lower boundary of the integral in Eq. ͑10͒ corresponds to the use of h() instead of h FT (), which is smaller than h() for values below e .
A. Advantages of the analytical relation
Estimation of w(m) from G(t) in the old form of Eq. ͑4͒ is required to solve an ill-posed inverse problem. The advantage of the analytical relation ͑8͒ is that this computational effort is not necessary anymore. However, one ill-posed inverse problem remains to be solved in order to determine h() from GЈ(),GЉ().
Moreover, Eq. ͑8͒ allows us to analyze the influence of ␤ on w(m). Two interesting aspects of the mixing parameter ␤ can be seen immediately:
͑1͒ For ␤ ϭ 1, as it was theoretically predicted by the reptation model, it is found that the MWD w(m) and the relaxation time spectrum h"(m)… are identical up to a constant factor.
͑2͒ For ␤ Ͼ 1 the integral in Eq. ͑8͒ emphasizes the greater influence of the higher molecular weight components on the viscoelastic properties. This is in agreement with many observations in polymer dynamics.
B. Analytical relation and regularization
Using the analytical relation to determine the MWD, we find that the MWD obtained from Eq. ͑8͒ ͑Fig. 1͒, and the MWD obtained with the older procedure based on regularization ͑Fig. 2͒ agree equally well with the MWD obtained from the SEC measurements. In both procedures the same relaxation time spectrum h() ͑Fig. 3͒ and mixing parameter ␤ ϭ 3.84 have been used. This value corresponds to the best result obtained in the evaluation of Maier et al. ͑1998͒. The material under examination consisted of a binary mixture containing narrowly distributed polystyrene ͑PS͒ with a mean at M w ϭ 60 000 g/mol and M w ϭ 177 000 g/mol.
The error bars for the relaxation time spectrum h() determined with the regularization procedure ͑Fig. 3͒ have been used to calculate the error bars in w(m). The error bars obtained with the analytical relation ͑Fig. 1͒ are considerably smaller than the error bars obtained with the regularization procedure ͑Fig. 2͒. This is due to the fact that the error is enhanced when the second ill-posed inverse problem is solved numerically. The error bars shown do not contain any information on how neighboring errors are correlated. Therefore, it is difficult to compare the accuracy of both methods.
IV. FURTHER CONSEQUENCES DERIVED FROM THE ANALYTICAL RELATION
In this section, further properties of the generalized relation between h() and w(m) and their consequences for the mixing parameter ␤ are examined. Especially, the inverse relation and the influence of the mixing parameter ␤ on the peak positions in the MWD w(m) are discussed. 
A. Inverse relation
The procedure described in the appendix can also be used to derive the inverse relation: the dependence of the relaxation time spectrum h() on the MWD w(m):
.
͑12͒
On the logarithmic scale the inverse relation reads
The same observations as with the direct relation ͑8͒ can be made: ␤ ϭ 1 obviously leads to the proportionality of w(m) and h(). Equation ͑13͒ illustrates how the shape and position of the relaxation time spectrum depend on ␤. The last term in the sum describes the influence of the higher molecular weights on the viscoelastic properties. This term is weighted by ␤Ϫ1. Differentiation of the logarithmic inverse Eq. ͑13͒ with respect to m yields an equation for ␤:
This equation may be rewritten as
Equation ͑15͒ can be used to check the validity of the mixing rule, i.e., the assumption made that ␤ is independent of w(m): if the model is correct, the left side of Eq. ͑15͒ has to be constant with respect to . However, estimation of derivatives from measured data ͓w(m),h()͔ is not trivial, which reduces the usefulness of Eq. ͑15͒ for the determination of ␤.
B. Peak positions
When the MWD w(m) is determined using the spectrum h(), it is found that the peak positions of w(m) depend on ␤ ͑see Fig. 4͒ . This could be checked analytically by examining the derivative dw(m)/dm ϭ 0. This allows us to compare the MWD w(m) determined from rheological data in the dependence of ␤ with different experimental methods. Since the peak positions are strongly ␤ dependent, averaged molecular weight quantities such as M n ,M w , etc., will also strongly depend on ␤. These averaged molecular weight quantities may be determined with different experimental methods such as solution viscosity, osmotic methods, or static light scattering. A comparison between the molecular weight averages obtained with rheological data to these obtained with different experiments will allow us to determine ␤ accurately.
V. CONCLUSIONS
In this article, a generalized analytical relation between the relaxation time spectrum h() and the MWD w(m) is derived. This relation can be used to calculate the MWD from the measured GЈ() and GЉ(), once the spectrum h() is determined. The proposed procedure considerably simplifies the evaluation of data compared to the method used by Maier et al. ͑1998͒ . Moreover, it improves the understanding of the generalized mixing parameter ␤.
Various aspects of the mixing parameter ␤ have been discussed: ␤ ϭ 1 leads to the proportionality between the MWD and the relaxation time spectrum. A value ␤ Ͼ 1 results in viscoelastic properties that are influenced especially by the higher molecular weights in the mixture, which corresponds to experimental observations.
Since the peak positions in the MWD are ␤ dependent, it should be possible to estimate ␤ with little further information about the sample ͑e.g., M n ,M w , or polydispersity͒. The question of whether there is a universal value of ␤ or whether it is material dependent must be studied further by evaluating rheological data.
APPENDIX: DERIVATION OF THE ANALYTICAL RELATION
As only the entanglement regime is important for the mixing rule ͑4͒, the lower boundary at ϭ 0 of the integral in Eq. ͑1͒ can be replaced by e . Alternatively, one may set w(m) ϭ 0 below the entanglement molecular weight m e .
Consider the relation between the relaxation modulus G(t) and the spectrum h() given by Eq. ͑1͒ and take both sides to the power of 1/␤. The integral can be simplified using the expression
Then, two integrals are found: an inner one with lower boundary m and an outer one with lower boundary m e (␥ ϭ 1/␤):
dm.
͑A1͒
Combining this version of Eq. ͑1͒ with the mixing rule ͑4͒ leads to a relation between the relaxation time spectrum h"(m)… and the MWD w(m):
is fulfilled if the integrand is zero over the whole range of integration. This gives a relation between h() and w(m):
We want to show that the solution ͑A3͒ is the only solution of Eq. ͑A2͒ and no other relations between h() and w(m) can be derived. Therefore, let h (m) and two different w 1 (m) and w 2 (m) both fulfill ͑A2͒ with w 1 (m) w 2 (m). Inserting both solutions in Eq. ͑A2͒ and constructing the difference between both inserted equations yields a new equation: The consequences on rheological equations in general, which result from such a more general decomposition, will be discussed elsewhere.
